A method for deriving "rational" «th power reciprocity laws from general ones is described. It is applied in the cases n = 3,4, 8 , yielding results of von Lienen, Bürde, Williams.
Introduction
Let n be a natural number greater than 1, and p, q two distinct prime numbers = 1 (mod n). Let Ç denote a primitive «th root of unity in C (the field of complex numbers), K = Q(£), with Q the field of rational numbers, and A = Z[Q, with Z the ring of rational integers. Since p = 1 (mod n), it splits completely in K ; so, if P is a prime ideal of A dividing p, the residue fields Z/pZ and A/P are naturally isomorphic, and P has absolute norm p . For a in A not divisible by P, the nth power residue symbol in K, modulo P, [a/P)n K , is then the unique «th root of unity satisfying the congruence (a/P)nK = a{p-l)/n (modP).
In particular, due to the residue fields isomorphism, for a in Z not divisible by p, (a/P)n K = 1 if and only if a is an «th power residue modulo p in Z. Thus, if Q is a prime ideal of A dividing q, an expression for the "rational inversion factor" (p/Q)n K • (q/P)"n K may be considered as a rational reciprocity law between p and q .
A rational reciprocity law
In what follows, we assume that p and q are the norms in K/Q of prime elements v and w of A , respectively, and that a general «th power reciprocity law is given in K . This means that an expression is given for e(x,y) = (x/y)-(y/x)~i where x and y are relatively prime, and prime to «, elements of A, and (x/y) denotes the symbol (x/I)n K with / = y A. The latter symbol being defined for any ideal I oí A prime to n and x , from the ones with / prime, by multiplicativity in / .
Proposition. Let w = /(£), with f a polynomial with coefficients in Z and z a rational integer = Ç (mod v) (such a z exists and is unique modulo p, by the residue fields isomorphism). Then
where m is a rational integer such that m = Y[f(z ) "' (modp) k the product being extended to a set of positive representatives of the residue classes modulo n prime to n ; and for every k, k' is a positive integer such that kk' = 1 (mod «).
Proof. Let G be the Galois group of K/Q. It is isomorphic to the multiplicative group (Z/«Z)* of congruence classes modulo « relatively prime to « : to the class k (mod «) corresponds the automorphism sk of K characterized k by sk(Ç) = C • Since p (resp., q) is the product of the elements s(v) (resp., s(w)), for s ranging in G, we have, by the bilinearity of the power residue symbol, 
Therefore, in view of (2) and (1) and the bilinearity of e(x ,y),
with k (mod «) ranging in (Z/«Z)*, k and k' being positive. In the righthand side of (3), one may exchange k and k' in the first product, then combine the two products into one, and eliminate the obvious «th power factors from the symbol. This yields the desired equality.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Remark. In order to determine z and the power residue character of m modulo v, in the proposition above, one may consider the norms x, of v over some subfields of K. On the one hand, these x, 's have v as common divisor, and so by linear combination and the solution of some congruence equation modulo v , one obtains z. On the other hand, upon replacing z by Ç in the expression of m , some of these x¡ 's appear in the product and allow us to simplify the resulting expression for m which is obtained by rechanging £ into z .
As an interpretation of these x¡ 's, note that their norms over Q provide representations of p by some norm forms. Finally, the expression of (m/v) may, in some cases, be simplified further by using the power reduction property (if d is a positive divisor of « , then (x/y)n K = (x/y)n,d K) and the norm property (if x is in a subfield E of K containing Ç and N is the norm in K/E, then (x/y)n K = (x/Ny)n E). These follow from the fundamental properties of the symbol (for which, see [3] , Chapter 14).
3. Examples (4) is ((c -da'b)/v) = (a (ac -bd)/v). The resulting expression was given by von Lienen in [4] . It can be simplified by again using the cubic reciprocity law which yields (a/v) = £(a+1)/3. We thus obtained also that z = -a'b = ab' (mod p). Thus, using the power reduction and the norm properties of the symbol, the right-hand side of (5) is ((c-da'b)/v)4 K = (a/p)2 q • ((ac -bd)/p)2 Q . Moreover, provided a is odd, the quadratic reciprocity law for the Jacobi symbol yields (a/p)2Q = 1 . Alternatively, with ab' substituted for z , we would have obtained, for the right-hand side of (-1) . Finally, note that the left-hand side of (5) and both expressions obtained for the right-hand side are invariant if v or w is changed into its opposite (since -1 is a quadratic residue mod p ). So it is enough to assume that a and c are odd, and then either v or -v (resp., w or -w ) is primary. Thus be the norms of w over £, and E2, respectively; so q = c, + úf, = c2 + 2d2 , with cx,dx,c2,d2 in Z. We have /(c3)/(c7) = ^i ) = cx -dx i ; /(c5)/(c7) = *5(y2) = c2 -¿2(c + c3).
So, in virtue of the residue fields isomorphism (and noting that i = C ), f(z3)f(z7) = cx -dxz2 (mod p); f(z5)f(z7) = c2 -d2(z + z3) (mod p). Hence, f(z3)f(z5)2f(z7)3 = (cx -dxz2)(c2 -d2(z + z3))2 (mod p). It follows that the right-hand side of (6) and u2 = ((a2d2 + b2c2)/p)2Ç}. Finally, note that ux and u2 are unchanged if any of xx ,x2,yx,y2 is replaced by its opposite; if x, is chosen a priori, having norm over Q equal to p and with a, odd, then a primary prime divisor v of p in A has for norm, over Ex, x, or -xx ; and the left-hand side of (6) is invariant if v (or w ) is replaced by any of its associates. Similar remarks apply to yx, and also to x2 and to y2. Thus a2 + 2b2 and q = cx + dx = c2 + 2d2, with ax,bx,a2,b2,cx,dx,c2, d2 in Z and ax,a2,cx ,c2 odd. Let v (resp., w) be a common prime divisor in Z [Ç] of ax + bxi and a2 + b2i\¡2 (resp., of c, + dxi and c2 + d2i\¡2), where C " a primitive eighth root of unity and i = Ç . Also K = Q(Ç), E = Q(i). Then (PM»jc ■ (QM*!k = (-1)(""1)/8 • ((axcx -bxdx)/(ax + bxi))4E
•((a2d2 + b2c2)/p)2Q = ((axdx +bxcx)/(ax + bxi))4E-((a2d2 + b2c2)/p)2X}.
In particular, one obtains Williams' law [5] upon replacing w by its complex conjugate and exchanging the roles of p and q .
